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ABSTRACT

The problem of statistically describing a spray imme-
diately after formation and during subsequent propagation
IS investigated both theoretically and experimentally.
Particular emphasis is placéd-on the réles of drop velocity
and position in the spray in addition to the usual con-
siderations of drop size.

In order to provide a physical context for the theo-
retical presentation, observed spray characteristics and
single drop behavior are reviewed. The facts that (a)
spray formation is a random process which is distributed
in space, and (b) each individual drop history is a unique
function of 1ts initial conditions and later environment;
lead to the hypothesis that immediately after spray for-
mation the droplet variables of velocity, position, and
temperature should be considered as statistically distri-
buted along with drop size.

A available adaptation of molecular statistical
mechanics to the spray problem is presented and extended
to include droplet temperature in addition to size,
position, and velocity. Equations of change, developed
from the spray transport equation, define mean spray vari-
ables. The relationship of the general density function
to available spatial and flux size distributions is given,
and an assessment of required experimental information is

made.



The development of double-exposure, fluorescent
photography for the purpose of measuring velocities and
sizes of individual drops at selective locations In a
spray 1s described. Data taken on an unconfined spray
formed by a swirl atomizer form the basis for construction
of bivariate, size-velocity density functions at various
radial and axial positions. From the measurement of the
sizes and velocities of more than 32,000 drops, both for-
mation and propagation characteristics are given for the
ethyl alcohol spray at an injection pressure of 25 psig.
Formation behavior at two other pressures, 40 and 55 psig,
i1s Included. Bivariate, size-velocity mass densities,
their associated single variable distributions, and mean
quantities are calculated. Both local variations and
one-dimensional forms obtained by integration over a
Cross section are shown.

Conclusions from the experiments are: (@) drop ve-
locity 1n a spray i1s a statistically distributed variable
the knowledge of which i1s equally important to drop size;
(b) the form of the bivariate, size-velocity density
functions 1s strongly dependent on position with the key
feature determining the variations being the amount of

droplet-gas interaction that has occurred; (c) bimodal



density functions are formed during propagation by selec-
tive deceleration of drops according to size; and (d) in
many cases the differences in the shape and modal charac-
teristics of spatial and flux drop size distributions are
large. The implications of these conclusions for the in-
terpretation of spray data, analytical description of
spray situations, and design of future experiments are

discussed.
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INTRODUCTION TO THE PROBLEM CF SPRAY DESCRIPTION

The frequent practical problem of having a continuous
volume of liquid which must be finely distributed through-
out a region of space gives rise to the studies of collec-
tions of large numbers of liquid droplets called a spray.
The resulting theoretical and experimental problems of
choosing, relating, and measuring variables which quanti-
tatively describe a spray is the subject of this investi-
gation.

For purposes of discussion the range of spray studies
may be divided into two general areas as illustrated in
Fig. 1. The first of these, spray formation, is concerned
with the processes in which liquid in a reservoir passes
through an atomizer and disintegrates to form a spray.

The object of studying this phenomenon is to characterize
the resulting collection of droplets given the initial
conditions of fluid properties, atomizer geometry, energy
addition, and properties of the medium in which the spray
Is formed. A second area, that of spray propagation, in-
volves the prediction and measurement of changes in spray
properties due to transfer processes in the two-phase flow
downstream. The conceptual boundary separating these two
regimes may be called the surface of formation. A quantita-
tive description of the spray at this interface is the end
point of formation studies and the initial condition for
propagation studies. The method of describing the spray at

the surface of formation and some aspects of i1ts subsequent
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Processes Involved

Internal turbulence
Wave formation
Interaction with gas
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Fig. 1. - Formation - Propagation Classification of Spray Studies.



propagation will receive most of the emphasis in the dis-
cussion which fallows.

In the hundreds of spray studies which have been con-
ducted over the past century (Refs. 1, 27), drdplet sige o
has received the most emphasis as the key variable in spray
description. Since the atomization process is random (See
discussion in Chapter#L) and large numbers of different
sized droplets are formed, a statistical treatment in
terms of a size distribution and associated means of the
distribution is used. While large numbers of drop size
distributions have been measured, very little progress has
been made toward their theoretical prediction from initial
conditions. Ambiguities and contradictions, which are
common within the body of size data, are most often blamed
on experimental difficulties in size measurement. Perhaps
equal sources of the confusion stem from the common fail-
ures to fully specify the conditions under which the data
were taken or to place the experimental effort within some
sort of conceptual framework, such as the formation-
propagation scheme just discussed.

In spite of these shortcomings, empirically corre-
lated spray data have contributed in several areas. Nota-
ble examples are the fields of combustible mixture forma-
tion from liquid fuels (spray combustion, Ref. 3) and
chemical process studies (spray drying, Ref. 4). A partic-

ularly useful combustion application is the calculation of



rocket combustion chamber lengths and efficiencies based
on a spray vaporization model (Ref. 5).

But solutions to many problems of interest require
more detailed spray data and more sophisticated spray theo-
ries. For example, treatment of the unsteady spray proc-
esses occurring in a diesel engine (Ref. 6) is restricted
by the nature of existing spray descriptions; and the
problem of avoiding rocket combustion instability (Ref. 7)
makes a closer examination off spatial patterns af spray
propagation necessary. Consequently, a reevaluation of
spray data and theory is indicated so that complex situa-
tions such as these may be more satisfactorily handled.

It should be noted that many features of the spray

propagation processes are common to other two-phase, gas-
particle flows. One example of current interest is the
description of the flow of burning metal particles through
the chamber of a solid-fueled rocket motor (Ref. 8).
Here, also, the basic system considered is a collection of
a large number of particles which interact with a gaseous
medium (orwith each other) by undergoing acceleration and
change of phase. Thus, clarification of the variables de-
scribing a spray should find wider application.

As indicated above, the droplet size (mass) is the
variable which has received the most attention. Another
dynamic variable necessary to describe particle motion,
droplet velocity (momentum), has been largely neglected.

Some measurements of drop velocity have been made (Refs. 9,



10, 11, 12), but velocity has not been purposely treated

as a random variable on an equal statistical basis with
drop size. Instead, data have been interpreted on the sup-
position that drops of a given size all move with the same
velocity at a given location. This assumption was not made
in the development of a spray theory based on an adaptation
of statistical mechanics (Ref. 13). However, applications
of the theory (Ref. 14) have reverted to old assumptions,
i.e., all droplets have the same velocity or a single size
has a single velocity. Such simplifications for the sake
of mathematical convenience or lack of experimental infor-
mation tend to nullify the potential for further under-
standing offered by the general statistical formulation.

In order to clarify the role of drop velocity as a
spray variable, measurements of velocity and size were made
at various locations in a spray and the data were analyzed
in terms of a general statistical mechanical model. Spe-
cific goals were: (1)to assess the physical justification
for treating velocity as a random variable in a manner sim-
ilar to drop size; and (2) to determine the implications of
such a model for (a) interpretation of previous size meas-
urements, (b) the design of future experiments, and (c) the
analytical simulation of spray situations. The difficul-
ties in measuring 8izes and vetotittes add the large number
of measurements required precluded extensive variations in
experimental parameters aimed at obtaining general correla-

tions. Rather, the experiment was exploratory in nature



with the goal of establishing quantitatively the character
of a particular spray situation.

Chapter 1 begins by summarizing the observed physical
conditions that a model must describe and the theoretical
implications of these experimental facts. Against this
background, the adaptation of molecular statistical me-
chanics to sprays (Ref. 13) is presented and discussed in
Chapter 11. The experimental methods used to measure size-
velocity distributions are explained in Chapter III along
with data reduction methods. Chapter 1V presents the meas-
ured distributions and associated means and regression
curves which illustrate the comprehensive character of the
statistical model. Finally, in Chapter V, the conclusions
regarding the role of droplet velocity in spray description

are summarized.



Chapter 1
A PHYSICAL DESCRIPTION CF THE SPRAY SITUATION

Before launching into the description of a detailed
model of spray behavior, it is appropriate to review ob-
served spray conditions and consider the implications they
have for theoretical analysis. A overall examination of
a spray and its formation characteristics is made. The ob-
jectives are to define the physical context within which a
spray theory applies and to establish some general goals of
the theory. A set of spray variables is chosen and samples
of more detailed spray measurements are presented to demon-
strate the need for a statistical treatment. Next, the
behavior of single droplets moving in environments similar
to those found in sprays is reviewed. This type of infor-
mation, which must -be built into a statistical spray model,
is illustrated by calculated histories for conditions simi-
lar to those existing in the sprays where measurements were
made. Finally, the characteristics of a spray model de-

manded by the physical observations are summarized.



A, Experimental Observations and Their

Theoretical Implications.

The details of spray formation may only be seen
with the aid of high speed photography, i.e., exposure
times short compared to the time required for the liq-
uid masses to move distances equal to their dimensions
of interest. Since many of the droplets formed are
small (10u ~ 4x10~% in.), maximum velocities of 108 to
107 diameters per second occur. Consequently, photo-
graphic methods must be pushed to their technical
limits to resolve the details of spray events in space
and time.

1. Flow Regimes in the Spray Situation

Figure 2 is a photograph of the atomization con-
ditions produced by a swirl atomizer. It is a specific
example of the conditions described schematically in
Fig. 1. The picture, which is a cross sectional view
in a thin plane passing through the spray axis, was
taken by a double-exposure, fluorescent method which
will be described in Chapter 111. Features common to
all atomizers which form liquid sheets are shown. The

wave structure on the surface of the hollow liquid cone
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Fig. 2 - Specific example of spray formation (cémposite double exposure
fluorescent photograph).




iIs clearly visible. Wave amplitude grows with distance
downstream until the sheet tears into ligaments. The
intermittent tearing produces groups of ligaments which
break into clusters of globules and finally form drops.
The 1dentity of the droplet "waves" i1s then destroyed

by drag mechanisms acting during downstream propagation.
While wave formation plays a less obvious role i1n the
case of atomizers not producing thin liquid sheets, the
gross behavior in terms of disturbance growth, ligamenta-
tion and drop formation is similar-*

Several features of the atomization conditions shown
in Fig. 2 illustrate the physical interpretation of the
terms "spray" and "surface of formation” used in the intro-
duction. Implicit in the definition of a spray as a col-
lection of liquid droplets is the assumption that a droplet
is approximately spherical, or that one characteristic di-
mension of the droplet is sufficient to describe its mass
and dynamic behavior. [In practical terms this means that
at some downstream distance where spray formation is con-
sider-ed to be complete, the occurance of highly aspherical
globules such as dumbbell shapes i1s rare. The term "sur-
face of formation" refers to the locus of downstream dis-
tances where this condition is first satisified, For con-
venience the surface of formation is indicated as a plane
Iin Fig. 2.

*

See Refs. 3 anq 15 where observations of atomization
processes are summarized.
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In this context, description of details within the
formation zone where liquid masses having highly irregular
shapes exist, 1s outside the realm of spray theory. In
many applications this limitation is minimized. Practical
atomizers are usually operated at flow rates and energy
inputs such that the breakup length, the dimension char-
acterizing the formation space, is small in comparison to
the length of the entire spray path studied. [If, on the
other hand, processes such as vaporization or combustion
occur in the formation zone at rates which are a substan-
tial fraction of the liquid Tlow rate; the applicability
of spray theory to the overall flow process will be lim-
ited. In that case boundary conditions at the surface of
formation must be obtained from a more general theory of
liquid mass removal and dispersion (as yet nonexistant)
which can describe greatly distorted liquid globules and
ligaments.

Within these limitations, the goals of spray theory
may be stated as follows: (a) to choose the variables and
type of functional relationship necessary to quantitas
tively describe a spray at the surface of formation (the
description problem); (b) to predict the functional rela-
tionship from a knowledge of injection parameters (the
formation problem); (c) given this initial functional re-
lationship, to develop equations which describe the change

in the function downstream (the propagation problem).



The choice of variables to be considered IS relatively
straight forward. A complete dynamic description of par-
ticle motion involves a knowledge of momentum and position
of a particle at any time. Thus, drop diameter D, veloc-
ity v, and position Xx are obvious choices.

Most sprays of interest exist in a gaseous medium
characterized by a density pg, pressure p, temperature
Ty and velocity &.* This means a spray problem is in-
herently a two-phase, mixture problem. With energy ex-
change occurring between liquid and gas, a measure of
droplet internal energy is required. The droplet tempera-
ture T, is usually sufficient. |Insight into the type of
function relating these variables in a spray is gained by

considering more detailed experimental observations.

2. Random Nature of Spray Processes.

Photographs such as Fig. 2 taken at other times while
carefully holding spray parameters** constant are similar
in character but different in detail. In particular, if

the value of some spray property is continuously monitored

*In many instances, more than one chemical species is
present in the gas and/or the liquid phases. Variables
specifying chemical: composition must then be included.

*%*

Spray parameters are gll quantities under the con-
trol of the operator (experimenter) in a spray situation.
Examples of such quantities which may be known and varied
at will are liquid flow rate, initial fluid properties,
and geometries of the nozzle and the containing vessel.
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within a small spatial volume of the spray, a result such
as that shown in Fig. 3 is obtained. The spray property &
which i1s a function of the droplet variables Iy undergoes
random fluctuations about its mean @, in a manner analo-
gous to velocity fluctuations in turbulent flow. The phys-
ical meaning of random in this case is as follows: Al-
though all spray parameters are controlled in the same
known manner, successively measured histories of ¢ are
never the same (Ref. 16). The randomness is a result of
the inability of the operator to control the details of
each drop formation process. Practically speaking a sta-
tistical treatment is required when @& alone cannot quan-
titatively describe the spray to the desired accuracy.*
The fact that &(t) is not a constant in Fig. 3 implies
that: (a) some spray parameters were systematically
changed during the measurement or (b) particular fixed
values of the parameters resulted in some sort of resonant
phenomena in the spray system. In either case, overall
(large scale) unsteady variations in mean spray properties
are produced.

Although continuous time histories of spray properties

have rarely been measured and reported, two available

+*

The "coefficient of variation™ (intensity of turbu-
lence) given by oge/® is one indication of the degree of
randomness. The v&lue of this ratio for which random ef-
fects become operationally significant is obviously rela&”
tive to the degree of detail sought.




o(Ty,t)

—_—— — B(%)

t

o(I’;,t) is a property of the spray defined per unit of the
spray variables T; at atime t. e.g., If Ty =x,
o(x,t) is the number of drops per unit volume.

Approximate operational definitions of the mean % and
standard deviation og:

S
o= i o(Iy,t) dt
2
5t
1
[z
— 2
o2 = 5;{ [¢ - 2] dt
tr-Bt

Where: &t 1S long compared to the most rapid fluctuations
in ¢ but short compared to changes in spray
parameters oL periods of resonant oscillation.

In general ¢ and o5 may be functions of ¢!
and B&t.

Fig. 3. = Schematic Result of Continuous Spray Sampling.
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examples are shown in Fig. 4. The measurements were per-
formed on sprays formed by impinging jets with injection
parameters held constant (steady- state). In the first
case (Ref. 17) a light beam was passed through the spray
and the transmitted portion was monitored by a phototube.
The resulting signal (Fig. 4(a)) which is proportional to
the intensity of the unobstructed beam is a very rough
measure of the amount (projected area) of liquid occupying
the lighted volume. More quantative data were obtained
(Ref. 18) by using a photographic technique, which approx-
imated continuous sampling for the larger drops, to measure
spatial densities in specified size ranges (Fig. 4(v)).
Whether the records appear to vary in a continuous or dis-
crete manner depends on the definition of the particular
spray property and the way in which it was measured. The
"noisy" patterns characteristic of random processes are
apparent in these records.

Rather than continuous time histories of spray prop-
erties, most of the detailed spray data available consist
of various forms of drop size distributions. A common
method of estimating a size distribution is to instanta-
neously sample the spray photographically with no attempt
to obtain a continuous sample as in Fig. 4(b). An ex-
ample of this type of data (Ref. 19) is given in Fig. 5
where the spray density (the mass of liquid per unit spa-
tial volume per unit diameter) is plotted as a function of

drop size and position in the spray. Spray parameters were
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(a) Phototube Output Obtained when Liquid Obstructs a
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Fig. 4. - Examples of Measured Time Histories of Spray
Properties.
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Correlation in Ref. 19.) Constant Downstream Distance z = 1.25 in.



held constant' (steady-state injection) and instantaneous
photographs of drop3ets in a known spatial volume were
taken at random intervals in time. Categorized data from
many photographs were weighted by the droplet mass and cor-
related as shown.

This type of spray measurement may be regarded as
sampling at instants of time from a large collection of
records such as that of Fig. 3.* The collection of all
possible records is called the ensemble and will be dis-
cussed in more detail in Chapter 11. In sampling from the
ensemble the operation shifts from one of fixing spray
variables I and measuring time variations to fixing
times and counting frequencies of occurrance of the vari-
ous I3. In the case of*Fig. 5 the It were specifically
the size D .andeposition: x-.which are random, variabies
taking on the particular values in their range of defini-
tion with varying frequencies

A question remains as to how the other two droplet
variables, ¥ and Ty, should be treated. Experimental
evidence just reviewed indicates that the spray formation
processes are distributed in space, are random in nature,
and result in a droplet population randomly distributed
with respect to size and location. Such observations

*

For a steady-state condition there is no beginning
or end for a record and thus no fixed time references are
available.



strongly suggest that droplet velocities at the surface of
formation should be regarded as randomly distributed about
a mean which is not necessarily the mean injection veloc-
ity. A theoretical formulation which treats x in this
manner, and experimental data which support such a treat-
ment are of primary concern in the discussions presented
in later chapters. The lack of an experimental technique
to measure individual droplet temperatures in a spray pre-
vented a similar investigation of Ty,

As far as the variables describing the gas phase are
concerned, limiting the consideration to dilute sprays
allows the gas to be described by local mean values of the
properties. The liquid volume fraction #, which is the
ratio of volume occupied by the liquid to the volume oc-
cupied by the mixture of liquid plus gas, is a measure of
spatial dilutemess. It may be used to characterize the
degree droplet-droplet interactions as well as droplet-
gas interactions. Small volume fractions imply that sta-
tistical fluctuations induced in the gas properties by the
fluctuating droplet population can be ignored.

Because of the experimental difficulites involved, no
direct measurements of local gas Properties within the
spray were made. An attempt was made to infer local gas
velocity from drop velocity measurements. The maximum
values of v measured in this investigation were about

10-2,
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B. Summary of Single Droplet Behavior

A statistical mechanical formalism which relates the
random behavior of the droplet variables D, x, v, and,
possibly T, in a spray logically includes expressions
for rates of change of these variables as determined from
the dynamics of a single drop. Thus, the ability to apply
such a collective description depends to a large extent on
the degree to which individual drop processes are under-
stood.

The single droplet processes considered here are lim-
iIted to droplet-gas interactions, specifically: vaporizar
tion, drag, and heat transfer effects. The extreme
droplet-gas interactions resulting in drop shattering
(secondary atomization, Refs. 20, 21, 22) involve statis-
tical populations of the droplet's fragments whose prop-
erties remain largely unexplored (Ref. 23). Results of
experimental and theoretical study of droplet-droplet in-
teractions such as trajectory modifying encounters or col-
lisions resulting in splitting or coalescense are largely
qualitative or difficult to apply (Refs. 24, 25, 26). For
a dilute spray,droplet-droplet interaction effects are
small compared to the droplet-gas effects.

The development summarized below (Ref. 27) 1is based
on empirical correlations for mass, momentum, and heat
transfer to a drop moving In a gas stream. Details re-
garding fluid properties, steady-state temperatures, and

equilibrium vaporization constants are given in Appendix A.

20



21

1. Governing Equations

Macroscopic balances applied to a single liquid drop
yield the following three equations:

Mass Balance:

@ - - Ty ooy (1.1)
dt ReTp,

where:

M = droplet mass

D, = diffusion coefficient

per, = Vapor pressure of liquid at temperature Ty,

Rf = gas constant for vaporized liquid

T, = Mmean temperature in the gas film
= static pressure of gas

VI 1n( —— ) a factor“expressing unidirec-

Pe \P 7 PrL tional mass. transfer, o ) 1.

Nu = Nusselt number.for.mgss transfer ... .:

The system described by Eq. (1.1)is a liquid drop vapor-
izing in an infinite gaseous medium where the concentra-
tion of the vapor is zero at large distances from the
liquid-gas interface.

Momentum Balance:

dv . D2 g . . v
3= - Pelp g (¥ - iy - ul + Fy (1.2)

M
where:
pg = 9gas density
Cp = drag coefficient

Fp, = body forces such as gravity



Forces due to gradients iIn gas pressure (Ref. 28) and the
possibility of vapor leaving the drop at other than drop
velocity (Ref. 29) have been neglected.

Enerqgy Balance:

dTy, ; aMm e
oL g5 = Thkp(Tg - Tr)eNu + hep, g (1.3)

MC
Using the assumption of infinite conductivity of the lig-
uid, Eq. (1.3) states that internal energy changes due to
heat transfer from the gas to the liquid plus the latent

heat necessary to sustain the current mass transfer rate.

where:
Cot, = specific heat of the liquid
K = mean thermal conductivity in the gas film
¢ = correction factor to account for heat used to: super-
heat the diffusing vapor, O ¢ < 1.
=_€+,€ and € = Cpg
eb> - 1
Nu = Nusselt number for heat transfer

her, = latent heat of vaporization

Empirical correlations must be used for Nu', Cp, and
Nu. The following are samples of available equations.
Mass Transfer: Ranz-Marshall (Ref. 30)

Nu' = 2 + 0.6 Sc1/3red/2 (1.4)



where

Ker, = mass transfer coefficient

v _ DpkK . . )
Nu' = DPhel p, = Mean density in gas film
DyPm

P mRme

Sc = Schmidt number = +'m—, Wm = mean viscosity in gas film
PmDy
PP lx - 1
Re, = mean Reynolds number = m
m

A similar expression was obtained (Ref. 31) when the ef-
fects of droplet shape were considered.

Momentum_Transfer:. Drag

A variety of empirical drag data have been obtained
under conditions ranging from a single solid sphere in
steady motion to an accelerating, vaporizing, collection
of droplets in turbulent flow (Refs. 19, 32). 'Equations
for drag coefficients covering a range to a maximum of
Re ~ 10° are given in Table I, and are plotted in Fig. 6
for comparison with the standard solid sphere curve.
Values of Reg existing in the sprays sampled in this
study were less than 100.

Heat Transfer: - Ranz-Marshall (Ref. 30)

‘Nu =2 + 0.6 Pr'l/SRer%/Q (1.7)

This is the heat transfer analog of Egq. '(1.4).
where:

o ke o Gl
. Pr. = Prandtl rwl_rr_lbe.r'r.=”'—-]t%1'---‘]'-—m
e LAt £ 5 m
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)
1

mean specific heat in gas film

pm
H
Nu o= .
K
H = heat transfer coefficient

Several important restrictions on Eqgs. (1.4 to 1.7)
should be noted in order to assess the validity of their
application.b The Ranz-Marshall equations were obtained
under steady-state conditions but are applied at succes+
sive instants of time to calculate unsteady droplet his-
tories (Refs. 5, 6).- This quagi-steady: treatment. is
supported by limited experimental tests (Refs. 33, 34). .
Two specific limitations imposed by experimental technique
were that initial drop sizes less than about 500u and re-
lative velocities greater than about 230 in./sec could not
be obtained. Differences between measured and calculated
histories increased as drop size and molecular weight of
the vaporizing liquid decreased.

In contrast to the processes of heat and mass trans-
fer, more drag data have been obtained under unsteady con-
‘ditions and samples of such expressions are given in
.Table 1. The shortcoming here is that the multiplicity of
factors such as deformation, acceleration, vaporization,
and gas turbulence are not easily separated experimen-
tally] and direct measurements of single droplet trajec-
tories and associated velocities relative to the gas
(Ref. 39) are rare. The quantitative effects of gas tur-

bulence levels on all th'ree transport processes
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(Ref. 40(e)) need more experimental investigation in order

to explicitly incorporate turbulence effects in the empir-
*

ical equations.

2. Droplet Histories.

Simultaneous solution of the three nonlinear ordinary
differential Eqs. (a.1)to (1.3) yields mass, velocity,
and temperature histories for a droplet. Usually, vari-
ation of fluid thermodynamic and transport properties with
temperature cannot be ignored. In addition to this com-
plication, the correlations use averages of the fluid
properties across the variable composition in the gas film
surrounding the drop, and the factors o and ¢ further
complicate the coupling." As a Pésult a numekicalnrsolution
is required.

In order to illustrate the character of single drop-
let histories and provide a point of comparison with the
‘experimental spray conditions, numerical solutions for
ethyl alcohol droplets injected into air at atmospheric
pressure were obtained. Variations of droplet mass, ve=
locity, and temperature as a function of distance traveled
are given in Fig. 7 for all initial conditions held con-
stant except drop diameter. The.calculations were stopped
when the mass fraction vaporized'reached 0.95. Figure 7(a)

emphasizes the fact that due to the cubic relation between

*

For an extensive review of gas— particle flow see
Refs. 40a to 40f:



Distance, z, in.

(a) Mass Fraction Vaporized and Diameter Ratio.

Fig. 7. = Calculated Histories for Ethyl Alcohol Droplets Injected into
AIr at Atmospheric Pressure (Drop Size as the Parameter). Conditions:
T, = 535° R, u, = 244 z% . z + 25 Ty = 535° R, Drag Eqgs. 1.5a & 1.6,
Voo = 540 in./sec.
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diameter and volume (mass), small changes in diameter are
equivalent to much larger changes in volume. This situa-
tion has obvious experimental ramifications when sizes are
measured and masses computed, i.e., errors are cubed. The
drag expression used outside the Stokes Law range was

Eq. (1.6)which provides for drag coefficient increases from
the solid sphere curve as the distortion parameter Su
increases. Air velocity as a function of distance was
chosen equal to*the exhaust fan velocity which existed in
the experiment. Since U, changed slowly with z in
this example, droplets decelerated to air velocity and
then followed closely with only small overshoot and lag
for larger drops {Fig. 7(b)). Two curves of constant
travel times of 1 and 5 milliseconds have been super-
imposed on the family of curves to give an added indica-
tion of relative penetration as a function of size.
Velocity - distance curves calculated for solid spheres of
the same initial size show negligible deviation from the
vaporizing case. This is due to the fact that, under
these dnitial conditions and gas environment, the smaller
sized drops whose faster changing size would be expected
to effect the trajectories reach and "lock in" with air
velocity so quickly that no deviations are allowed. Drop-

let temperature which was initially equal to the gas

*This is not the behavior of gas velocity inside’ the
spray due to entrainment as discussed in Chapter TV.



temperature dgcreases to an approximately constant value,
Trs, (called the steady-state or wet-bulb temperature) as
shown in Fig. 7(c). An expression for T;gq is obtained
from Egs. (1-1) and (1.3) by setting dTy/dt = O

Tpg - Ty 2“’_ (ef - 1) (i.8)

pf

Since £ shows only a weak dependence on D and v
through the ratio Nu'/Nu, and this dependence decreases
as Re Increases; T;g can be considered to be only a
function of fluid properties-*

The consequences of considering variable droplet tem-
perature were investigated. Mass histories for drops
started at the steady-state temperature are compared with
the unsteady computations in Fig. 8. Differences are
largely due to the fact that the vapor pressure of ethyl
alcohol increases by a factor of 3.5 over the temperature
range 500° to 535° R.

Sensitivity of the trajectories to the drag expres-
sions used are shown in Fig. 9. Differences between the
pairs of curves for the same size reflect the behavior of
the ¢p against Re (proportional to size) curves shown
in Fig. 6.

Another set of conditions which occur frequently in
practice lead to the type of histories shown schematically

in Fig. 10. Here gas temperature and velocity are greater

*

See Appendix A for temperature dependent alcohol
properties and steady-state temperature computation.
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Fig. 8. = Comparison of Mass Histories for Variable Droplet Temperature
to Fixed Steady-state Case.
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34



Distance

Gas temperature

b
B
o
(o]
O
—
()]
3
)
P
'\
et Tgl
g g
E
o
g
g
N
FL)
()]
[on)
&
&
Tro

Fig. 10.
Tro <

Distance
- Schematic Droplet Histories for:
Tg and vo<u. D1<D2<D3<D4:<D5.

35



«

than initial drop values and thus droplets heat up and ac-
celerate.

Within the framework just outlined, single droplet
behavior is given by three functional relations for rates
of change of mass, momentum, and energy. In terms of D,
¥» and Tp, the rate equations may be considered as func-
tions of the following arguements:

4D
at

I

""'a@(D’_:E:TL;E:p:Tg)* (1'93)

dv
dt

L
:4 =4(D,L£,TL,11_,p,T (1.9b)

)

aTy, ; '
3‘ = ag— ==7(D:K"§:TL:P-_’p’Tg) (1'90)

The gquantities Pers M - ko and Tg - Ty drive the drop-
let toward equilibrium with the gas whose extent is con-
sidered so great that gas properties are not appreciably
modified by the droplet transport processes. The equilib-

rium condition approached is one where v = u and
**

Ty = TLS Is a constant. Smaller size means that the

magnitudes of the rates are greater as shown by a tabula-

tion of their diameter dependence (see Table 11). Thus

o
aMm _ D= 4D i -
-Note that FE.TPL S &t and other-flmd thermo
dynamic 'and transport properties might be included as
arguments of the functions.

**
A equilibrium size for a drop exists only if a

saturation condition is considered, i.e., Pgp, = Ppg
where Prg is the partial pressure of the vaporizing

fluid far from the drop. In the above model for a single
drop in an infinite medium, pfg = 0.
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small drops quickly reach velocity and temperature equi-
librium with the gas; while larger droplets respond more
slowly, may overshoot due to thermal or mechanical iner-
tia, and may never closely approach equilibrium especially
when large gradients in T and u exist.

Against this physical background, several character-
istics which a spray model should possess may be summa-
rized. A'statistical mechanics treating droplet vari-
ables as random is required due to the complex and un-
controlled behavior of the drop formation processes.

With single droplet behavior incorporated as a basis, the
statistics must account for the situation where the ini-
tial values x5, Dy, vo, and perhaps Ty, for the drops
are statistically distributed at the surface of formation.
Coupling effects in the flow of the gas-droplet mixture
must be considered even for dilute sprays, and the fact
that statistical variations in gas properties and drop-

drop interactions increase with liquid concentrations must

be realized.
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Chapter II
STATISTICAL MECHANICS OF A SPRAY

A statistical mechanics for sprays has been for-
mulated (Refs. 13, 14, 41) by directly adapting the
concepts and methodology of classical molecular sta-
tistical mechanics (Ref. 42). As is true of the clas-
sical model, the spray adaptation offers many physical
insights through the consideration af extensiwe :detail.
These conceptual advantages are gained at the price of
great practical difficulties in attempts to apply the
theory to realistic situations.

The structure of the theory as outlined in this
chapter generally follows the previous development
(Refs. 13, 14) but specifically differs in the fol-
lowing ways. Physical meanings and relations of equa-
tions to experimental observations receive considerable
emphasis; and terms involving droplet internal energy
as a random variable are included. This later addition

to the theory remains to be experimentally justified



and clarified. Comparisons of the molecular condition
with the-spray situation are made which point out
basic physical differences in spiteof formal simi-
larities in the analytic descriptions. Their purpose
IS to serve as a guide for further interplay between
the parent microscopic theory and 1ts macroscopic
offspring.

The presentation begins with a discussion of the
spray density function f as one answer to the prob-
lem of spray description. Next, a basis for spray
propagation theory is offered in the transport equa-
tion for f. From this equation conservation equa-
tions for liquid, gas, and mixture are obtained and
mean-spray quantities are defined. Finally, two gen-
eral approaches to application of thec theory are -
presented and assessednin terms ofnexisting -and re-
quired experimantal Information.

A. The Density Function F

Consider a function f( ry,t) which has the fol-
lowing mathematical and physical interpretation. The
variables Ty are randomly distributed, and, for the

case of sprays, are chosen as those necessary to de-

scribe the condition of & droplet. As discussed pravi-

40
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ously reasonable choices for the Iy . are size:. Dy
) *

position x, velocity v, and temperature T, The
time t 1is a parameter. The function f has charac-
teristics of both a physical density with units number
of drops per unit I';, and a probability density
since it represents the probable number of drops in
the range dr; about T, atatime t. It is not
a probability density function in the strict mathe-
matical sense because the normalization has not been

carried out:
N = /f( ry,t)aTy "D

where the integral 1s over the entire range of each I'j.
The normalization:factor N! which IS the-total numbéer of
particles represented by of. . atl & time -t mustcbesdeters

mined. by physicalcrestraintscdn. the. spnay system under

*More general choices of the I'y. would bé drop=
let mass, momentum and enthalpy since these would allow
liguid density dePendence on temperature (volumetric
expansion effects) and specific heat variations with
temperature to be included. However, the choices used
above are those variables which were experimentally
measured (with the exception of Tp). Iso, since the
mass i1s variable, it is convenient to separate mass and
velocity into two terms rather than use the product.



consideration. Specifically, the restraints take the form
of limitations on the range of one or more of the Iy (for
example, x may be restricted to a finite range to define
the volume of the system considered); and specification

of the value of some function of f and T'; in terms of
spray parameters (for example, an average value of the
liqguid flow rate at the boundary of the system). OFf
course, a probability density function, f' = £/N, may be
used but a complete physical description includes an ex-
plicit specification of N or its equavelent in terms of
system parameters.*

The statistical nature of £ may be explored by con-
sidering a collection of sample functions composed of in-
dividual histories similar to the one introduced in
Fig. 3. Such a collection is shown in Fig. 11. The jti
sample function @{J)(ry + aTy,t) is defined as the number

of drops in the range of variables T

to I'y + ALy at
atime t. The collection of all possible sample func-
tions obtained under identical conditions is called the
ensemble or sample space. The specification of identical
conditions means that all spray parameters were controlled
in the samenmannégr throughout each history ahd the 'same

variable range I'; to Ty tAI, was considered. A

*

The situation is analogoustto.Planck®s’ Law forithe
energy distribution of black body radiation as a function
of wavelength with temperature as a parameter. The nor-
malization factor in this case is the total energy radi-
ated at all wavelengths (orT4) and must be included if
the distribution is normalized.
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i
definition of the density function T for the ensemble

may be given In terms of a limiting process performed on a

sum over the ensemble at a given time ¢t':

] = 11 i 1 | (J) : '

f(rs,t') =1 1 — o) 'y + AL, ¢ 2.2

(ry,t1) jig AI&EO TATY (Iy 3,t7)  (2.2)

In the particular case when T 1is independent of time,

the random process which T describes 1s said to be sta-
*

tionary. Averages (also called moments or expected

values) of a function g (I'j,t) over the ensemble are de-
fined by:

Ce(Tre)> - /g(l’i,t)f(.r"i,t)dri (2.5)

S rmvan

where the integrals are over the entire range of each ry.
The brackets <'> are used to distinguish the ensemble av-
erage from a time average denoted by an overbar ~ . FOr a
stationary process the ensemble averages are independent

of time.

Higher order joint density functions may be formed by
considering the distribution of sets of spray variables
I‘i(l)’ ri(g)j?““ I‘i(N) at times ¢tj3, to, .... ty. In
particular the second order density Col ,

*

A stationary condition implies that spray parameters
were held constant to achieve a steady state. However,
holding spray parameters constant does not necessarily
mean that the random process is stationary since a system
resonance may OCCUr .
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f(g)(ri(n,ri(z),tl,tg) represents the probable number of
drops in the range dl“;i(l) about 1"1;(_1) at ti; and in the

range Ty (2) about r3(2) at t,. Such a density would
become significant physically if a spray process depended
strongly on the joint distribution of pairs of I'y. When
dilute sprays are considered, drop-drop interaction ef-
fects are assumed small and fubthéer considerations: are
limited to the first order density f£(I'j,t) with the
superscript (1)omitted. From an experimental point of
view, formidable difficulties are encountered in even es-
timating f which is a multivariate density in 1 + 1
varlables.

Various time averages defined along any member o(J)
of the ensemble may be defined in a manner similar to that
given in Fig. 3. However, precise definition of averaging
times for nonstationary processes is a very delicate
matter. For stationary random processes the theoretical
analysis of continuous time series has been developed in
considerable detail for application in fields such as com-
munication (Ref. 43) and random vibration (Ref. 16). How-
ever, present spray sampling capabilities are largely lim-
ited to instantaneous sampling or long term averaging. As
aresult the application of time series theory to sprays
must await the development of experimental methods for
measuring continuous time histories of spray properties.

The density function f is a conceptual answer to

the problem of how to describe a spray in terms of droplet



variables. The manner in which f changes due to changes

in the Fi will now be considered.

B. The Transport Equation: A Continuity Equation for f

An equation of change for f£(I'j,t) may be written in
the form of a generalized continuity equation:

. 5% (Tif) = b (2.4)

where &) represents a source or sink term for' f; number
of drops/unit T'/unit time,

f"i = dﬂ The total time derivative giving the

dt rate of change of T4 for a droplet.

Equation (2.4) results from an accounting of possible
changes in f within a region of the multidimensional
space defined by the variables I; (see Appendix B.1).%

For the particular choice of droplet variables and
notation summarized in Table 111, the specific form of the

equation of change for the droplet density function
£(D,x,v, Ty, ) is:

Of 1 O @rf) + vy - @+ vy - () + 2 (@F) = b
(1.) Cii.) Giiio)  (iv.) (v (vi.)

(2.5)

*

IT the associations of f with a density p, I'i
-with a coordinate x, o/9T% with an operator
9/dx4 = Vx y-and T4i withua velocity'; % = v ~are made
by analogy; ‘the equation takes on the appearance of the
usual continuity equation in fluid dynamics:

§%+v§-p\_f.=&-
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TABLE 1ITI. - SUMMARY OF NOTATION FOR
DROPLET VARIABLES D, x, v, Ty, IN
TERMS OF GENERAL I¥
L 3 o
- N [}
i I 1 oy
1 D size ‘= 4D o)
D = at oD
2,3,4 | X position _dx iy
vector Y=aE |3x = x
5,6,7 | v velocity dv |
vector gfs T I3 - Yy
8 |m; temperature|s  dTy, 3
T=7e | am

*Rates given by equations for single
et transport processes occurring
the gas.

dro
wit

ﬁl

a7



This is the spray analog of the Boltzmann Equation em-

ployed in molecular statistical mechanics. However, addi-

tional terms appear in the spray equation due to the in-

teractions of the droplets with the surrounding gas = a

situation which has no counterpart in the molecular model.

The separate terms of Eq. (2.5) account for changes in

£(D,x,v,T,t) due to:

i. Explicit £ime variation

ii. Change of size (mass) due to vaporization.
Note that a spray Is a mixture of an infi-

nite number of "species," i.e., sizes of

drops.

iii..& iv. Mechanics of droplet motion. Note that the
acceleration \4 is velocity dependent so
that vy -\é__i;f 0; but since v and x are
treated as independent variables, yy * v = 0,
and term iii can be written v - V,f.

V. Change in droplet temperature (enthalpy) due
td heat and mass transfer.

Vi. Sources or sinks~of "dropléts’ othet! than vapor-

tzgtion: such as collisions, 'Bhattering, @and
condensation.

This continuity equation for f applies to the lig-
uid drops (or in general any particle phase) only, but the
rate expressions 3(3-‘,\4,, and & couple the particle mo-
tion to the gas motion (see Eq. (1.9)). W.ith the re-

striction that large scale statistical fluctuations in



49

the gas motion do not occur (as discussed in Chapter 1),
the usual equations of change for gas flow in terms of
mean gas properties apply with the addition of source
terms arising from droplet-gas interactions. Thus, a
theoretical basis for spray propagation studies is estab-
lished.

C. Equations of Change and Associated Mean Quantities

The fact that variations of spray properties in time
and space are often the primary concern in practical
problems leads to the application of an averaging proce-
dure to Eq. (2.5) in order to obtain equations of change
for average spray properties which are only a function
of x and t. .Detailed information about the statisti-
tal variation of -D, ¥ and- Tf. isc«thus :sacrificed in.
the 'hope'of finding solutions in terms of the average
guantities and experimental methods of measuring the av-
erages directly. . From a mathematical pointoof view each
term of Eq. (2.5) can be multiplied by any function
\};J-(D,E,TL) and integrated over the entire range of these
three variables to obtain marginal densities and ensemble
averages. The term marginal indicates that the integra-
tion over at least one of the variables, in this case the
position variable x, is not carried out.

When these operations are carried out on Eq. (2.5)
(see Appendix B.2: for. detailg)ithe f'oll'owi?g equatdon.of

change for V¥4 results: )
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gagff/ \ujf aD dj,,dTL + Vg /ff Yjvf dD dv 4Ty,
(1.) | |

(i1.)
fj o”()f-ylddedTL ff #f ¢ Vy¥y aD dy ATy,
(111.) (iv.)
o Vi ap dv "aT dv;-ap gy ar
ﬁ% L= L
(V' ) (2.6)
The significance of each term is as follows:
i. the rate of change of the spatial density of ¥
ii. the divergence of the flux of W¥y; a "convective”
term

'Terms due to transfer of W¥; between phases:

iid. mass transfer, e.g., vaporization

iv. momentum transfer, e.g., aerodynamic drag

V. energy transfer, e.g., heat transfer and vapori-
zation

Vi. rate of creation of vy per unit spatial volume.

If the weighting functions V3 are chosen to be the
droplet mass, momentum and energy;equations of change for
these.three quantities result. Table IV summarizes these
specific functions of D, v, and T, and their deriva-
tives. The integrals which result from substitution of
the expressions from Table IV into Egq. (2.6) are given in

Table V along with 'a condensed notation. The notation was
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chosen to emphasize the analogy between the droplet and
the gas dynamic equations of change. Bracketed quantities
are weighted ensemble averages with the weighting factor
indicated by the subscript. They are defined for any
functions g(Ty,t) and w(Iy) by a generalized form of

Eq. (2.3):

el > _/W(I‘i)g(l"i,t)f(l"i,t)dl"i
/W(I‘i)f(r‘i,t)dr‘i

The specific weighting functions used in Table V are drop-

(2.7)

let mass, M = qurDS/B, and rate of change of mass,

M = pymDXD/2. For example, the mass average velocity <w,

M Myf dD Qv dTp /f f Myf aD dv ATy
<l’>M =7 p ’ v = o
v /:// Mf dD dy 4T : B
o A (2.8)

IC is customary in spray stuidies to define various

Is given by:

mean diameters (Ref. 44):

{ '
Dpg) (2.9)
/:/f DSf dD dv 4Ty,

The exponents r and s are often chosen arbitrarily'or

by largely qualitative arguements. However, the mean
guantities defined in Table vV on physical grounds provide
a rational choice of mean diameters depending on the term
considered. For example, the powers of diameter of in-

terest for the transport terms are influenced by the

54
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dependence of ., & and & on D. Also since v and

r. have been included in the theory on an equal basis

L

with D, means in terms of D alone provide a very lim-
ited description of the spray. A generalized form of

Eqg. (2.9) with a weighting function W may be defined for

one of the drop variables T';.

— r-s _ ffhfl‘lf by
(ri rs)w “frr s
J/:/filwrif dar'y

For s =0, Eq. (2-10)reduces to a special case of

(2.10)

Eg- (2.7). In general the weighted ensemble average given
by Eq. (2.7) provides a set of mean quantities having more
direct physical interpretation.

The source term appearing on the right of Eq. (2.6)
cannot be treated in more detail without specifying a
process such as collisions or shattering. |If droplet col-
lisions are considered arid"the VY chosen are summational
invariants of an encounter, the source integral is equal
to zero (Ref. 41). Summational invariants are droplet
properties which are conserved in a collisionjy.i.ew., the.
sum of the vy for drops before the encounter equals the
sum of the V¥; Tfor the droplets existing after the en-
counter. The droplet mass, momentum, and energy as de-
fined in Table IV are conserved in a collision only if
vaporization, drag and internal dissipation in the liquid
are negligible during the collision and surface energy,

mD%0, is fncluded along with the kinetic and internal
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forms. The source term involving L will not be included
in the discussion which follows. This means that the

equations presented are valid for L= 0 or when Wj are
summational invariants for the process considered.

The resulting equations of change for the droplets
are:

continuity

) -

B_Eﬁ + 7y - POy = o (2.11)
momentum

é% Py + Ty = PeT Wy =Wy + Py (2.12)

energy
3 2 2 — '
~ o (-; ‘ chTL)M b oo+ D+ pOpp, (2.13)°

Corresponding equations of change for the gas phase are:

continuity

dp _
.3’(_;2 + V;}E . pf_g__ = = (2-14)

momentum

;% (Pf}i) + VZS ) (Pf.‘:lE + l—rf) = 'U“)<X>p'/[ - ps<‘i>l‘/[
(2.15)

*See Appendix C.lI for an alternate form of the terms

2
v . S
“’(??'+ CpIFi:)Mviand Ps<CﬁZ>M'
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energy

o

2 2 |
‘E"pf(’% +?L> T Vg [:pfll-(%_ +u’) "d- L E]

) . '
- m(l’g— + CPLTL>D7I - pS<.;;4, . _\_f)M - pS<CpI?>M (2.16)

where :

Pr

fe]

= e

=
'_b

= density of the gas-vapor mixture, ‘mass of gas per’

unit spatialivoluime (gas + Liquid). " Thiscls dis=-
tinguished from:. pgz(?wﬁioh is the mass ofvgas per

unit volume occugi df‘.by.;gas'.::- SRR
= p 1—E-S-'=p'(1—V) @.17)
pf g pL ] o -

As the spray becomes more dilute: v - 0 and

Pg

internal energy of the gas per unit mass

heat flux vector for heat transfer other than that
going to the drops

shear stress tensor

unit tensor

pL + T, the pressure tensor for the gas phase

Drop-gas interaction terms appear on the right sides

of the equations with the difference in sign between the

two sets reflecting -the fact that a quantity lost by one

phase represents a gain in the other phase. |If corre-

sponding equations for liquid and gas are summed, inter-

action terms cancel and the following equations result

for the two-phase mixture.



continuity

351? (pS+pf) +VX ) (pS<E>M+pflJ:) =0 (2.18)

momentum
'5% (ps<Z>M + pfl'l) + VE . (PS<_Y X>M +ppu U+ 'E“fz = O)
2.19

energy

> 2 2 )
3 [ F e mm ) = ol o)

) (“‘V‘2+ LI)' o, (u2 "lk) _ BJ
= -Ux- . pS = Cpb TJ_X[_->~M pf—é—+ ll_i—(_:l_-_f

(2.20)
Analogous notation forithe liquid and gas bhase« quan-

tities was not used in the above equations. Rather, a
conventional continuum mechanics notation was used for
the gas to emphasize the standard form of the gas dynamic
terms. For example, the gas velocity .u 1is by definition
a mass average velocity which is the gas phase counterpart
of {vpy. It is obtained in molecular statistical me-
chanics by an operation analogous to Eq. (2.7) for sprays.
The terms involving 2L, Tes and g represent deviations
from the mass average behavior (see Appendix C.2)
Substantial forms of the spray equations may be ob-
tained by using the continuity Eq. (2.11) and the defini-
tion of the derivative following the mass average motion:

D - 0 i
55_'5?+<Y>M V?E

58
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The substantial forms of Egs. (2.8) to (2.10) are:

i

]_)]?t_ Py - ps(vz . <X>M) + (2.11a)

Ps TE <D = - y * Ps(<Z Dy - D)
| + oy - <)) + ey (2.12a)

2

v
Y4 CpLTL)l’->M - <X>M<_2_ + C pL.TL>M

+ <-22—2- + CPLTL)M - (%E + CpL‘I‘L>M~ S pS<_\£ Ay
- (2.13a)

The terms on the right hand sides represent devia-
tions from the mass average motion. For example, a tensor
.1y for the spray may be defined in analogy with me for

the gas as:
1y = pKx 2y - <2 Kwy) (2.21)
From a statistical point of view, mg 1is a mass weighted

variance-covariance mattix in terms of the drop velocity

components. Note that vaporization term such as:
8 = oKy - <Dy) (2.22)

depend on the difference between the averages obtained by
weighting with the rate of change of droplet mass and the
mass, respectively.

Despite the formal similarities between the equations
and methods of droplet and molecular statistical mechan-

ics, several basic physical differences exist. Some of
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these are summarized in Table VI. The lack of absolute
reference conditions describing a spray equilibrium state
deprives the spray formulation of the degree of generality
possessed by:the mdolecular.model ,

The spray equations may be manipulated into many
other forms analgous to gas dynamic counterparts such as
overall "macroscopic" balances (Ref. 45). Equations of
change for other quantities such as droplet "numbersmay be
obtained from the transport Eq. (2.5) by using alternate
weighting function8 ¥y and intergrating over other com-
binations of the variables D, v, and T;. The utility
- of all this manipulation hinges on the association of the
various terms with measurable quantities.

D. Relationship of the Statistical Model to Practical

The key quantity in the statistical model just pre-
sented i1s obviously the density function f. Given ¥,
all the average densities and fluxes of liquid mass,
momentum, and energy may be calculated. With the added
information of the state of the gas and expressions for
the transport rates ,«, and &, all the gas-liquid in-
teraction terms may be evaluated. This i1s simply a way pf
saying that a consistent and comprehensive theory has been
formulated based on f. Some approaches to the applica-
tion or the theory and its relationship to existing spray

measurements will now be considered.
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The most thorough scheme of application to the propa-
gation problem is as follows. Given the density function
f (D,¥, %5, Tr,t) and the state of the gas (pg,ppos Tyorl,

and composition) at the surface of formation X = x_; com-

o’
pute f(D,v,x,T,t) at all downstream positions using the
spray transport Eg. (2.5) and the gas dynamic equations

of change (Egs. (2.14) to (2.16)) which include the
droplet-gas interaction terms. Known injection parameters
are built into £, to fix the normalization constant.

For example:

. « 3 |
w(t) = .[[/;L I2" vf_ dD dy AT, ds.. (2.23)

where
w(t) = mass flow rake of liquid at any time ¢t
dse = iIndicates an integral over the surface of forma-
tion

The construction of a solution to the four, coupled par-
tial differential equations is very difficult in practice
and requires simplifications such as one-dimensionality
to arrive at manageable forms to which iterative tech-
nigues may be applied.

Aside from mathematical difficulties, the chief im-
pediment to applications is the lack of information about

f No theory of formation is available to predict fj

o
from a knowledge of injection parameters. Measured and

correlated data are generally limited to two special
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density functions which are explicitly functions of D
and x. The Ffirst type, usually called a "volume"™ or
"spatial drop size distribution* is given in terms of £

as:s

fq(D,x,t) =./Z/.f(D,§,z,TL,t)dz aTy, (2.24)

The second type, called a "temporal” or "flux distribution”

is given by:

£a(D, %, %) =[/ vi(D,x %, Ty, t)dy dTp (2.25)

For a stationary process T 1s independent of time and,
consequently, so are fy and fp. Table YII compares the
ways in which fg and fp are obtained experimentally
and their physical interpretations. Note that the col-
lection method described for measuring fp 1S limited to
steady sprays while Eq. (2.25) defines fp in the unsteady
case as well.

Even when the cases considered are limited to sta-
tionary random processes (Steady sprays), questions remain
as to the equivalence of £, measured as a direct, ex-
perimental average over time and fr Tfound by integrating
over the ensemble (Eq. (2-25)). A stationary random proc-

ess for which time averages are equal to ensemble averages

_ *"Density" is a more precise term to use with "dis-
tribution” reserved for the cummulative form of f£. How-
ever, the common practice is to use distribution for both
cases.
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IS termed ergodic. Due to the extreme theoretical diffi-
culties 1nvolved iIn trying to establish necessary condi-
tions for a process to be ergodic (Ref. 458), the condi-
tion i1s usually assumed i1n practice. The validity of the
assumption may then be tested directly i1f enough accurate
data are available or indirectly in a gross sense by the
predictive success of the theory. Since direct measure-
ments may be made on a spray to estimate the ensemble
density function, the ergodic problem is less acute for
sprays than for the molecular case, where the theory is
developed entirely in terms of the ensemble but observ-
able quantities are necessarily time averages.

Both fq and fp are marginal densities in the
sense that v and T; dependence are integrated out
mathematically and disregarded experimentally. Thus ad-
ditional information about v and T must be provided
or assumed in order to calculate transport processes oc-
curring between the gas and liquid. A common practice
Is to take the initial values of v and T; to be
single-valued and equal to the values at the injector:
vg and T, (Ref. 5). The expression for f_ then

takes the form:
fO = fSO(D:EO:t)G(V - VE)a(TL - TLE) (2.26)

where the delta functions are defined for any variable vy

as:



8(y - y,) = it y =y,

= 0 otherwise

e OO
and f 8(y - vy )dy = 1
'--OO

Physically this means that the actual formation region is
ignored as though the spray formed instantaneously at the
injector face, and that a drop of given size has unique
values of v and T at any downstream position. Avail-
able data for f; and fq are often ambiguous as to the
position dependence, seldom were taken at locations ap-
proximating the surface of formation, and are often used
interchangeably as though they were equivalent.

The average (expected value) of any function g(ry)
for a given value of the spray variable p is defined

J
for 1 # j as:

| : f Py, t)dr
<g(ri)|r5> = )Ty = (2.27)
/fgr t)dI‘

A particular case of iInterest is the expected value of
velocity at a given size as a function of D and x

given by:

/]vf(D v, % T ,t)dv dT, £
x> = L L %
;f £ (D, v,x,TL,t)dy; aTy,

It has been estimated experimentally by averaging measured

(2.28)%

*

In statistical terminology, this is the regression
curve of v on D.

66
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velocities of particular sized drops (Refs. 10, 11,

and 12), but was not interpreted as being derived from a
density function f which contained v as a randomly
distributed variable. The amount of scatter in the data
Is probably an indication of statistical fluctuations in
the small samples in addition to normal measurement
errors. From Eq. (2.28) it is seen that for a stationary
ergodic process, <vID> is given by the ratio of the dis-
tributions as measured by the methods in Table VII.

A alternate approach to the propagation problem is
to use the equations of change for average spray vari-
ables, Egs. (2.11) to (2.13), instead of.the spray trans-
port Eq. (2.5). The aim is to avoid having to specify
and handle all the detailed information associated with
f while still providing a useful quantitative descrip-
tion. Initial values of variables such as pg, <>y and
<TI>M along with some drop size information (analgous to
specification of gas phase composition) must be specified
as initial conditions at the surface of formation.

The success of this approach depends to a large ex-
tent on the ability to predict or measure the average
spray variables directly without reference to statistical
distribution functions. Overall average flow is given by
injection rate %r; and local values of mass flux, pS<\_f>M,
may be obtained by collection tubes (Ref. 47). But other

quantities such as p., and {¥L are difficult to
S 2 M



measure without resorting to detailed photographic mea-

surements on individual drops. When working with average
quantities, terms due to deviations from average behavior
are often ignored. Ror example, terms due to deviations

from {v>, are ruled out by assuming <v v, =< Kv>,

2 2
and (VT ¥>M = <y_>M<y2——>M analogous to inviscid and adia-

batic assumptions in gas flow. The drop-gas interaction
terms such as o, <#y and <C§7>M are particularly
troublesome since the appropriate mean drop size to be
used for each depends on the variation of &, A, and #7
with D. Existing experimental methods for directly
measuring mean sizes are limited in number and uncertain
as to the exact diameter weighting (Ref. 48).

In view of limited information available on f or
fo and the key role they play in spray description, the
remainder of this paper will deal with experimental mea-
surements of size-velocity density functions as a function

position in a spray.
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Chapter III

EXPERIMENTAL MEASUREMENT OF THE SPRAY DENSITY FUNCTION

Although a statistical mechanical theory of a spray
based on the density function may be precisely formu-
lated, the application and verification of the theory
requires the experimental measurement of specific values
of f, and such measurements involve uncertainties. Two
different types of uncertainties arise. The first type,
common to all experiments, results from the practical
limits of measurement resolution and accuracy; e.g.,
the spatial and time resolution limits mentioned in
Chapter I in connection with photographic observations.
The second type arises from the random nature of the
physical processes considered and .the resulting statis-
tical character of the quantities of interest. Even if
individual droplet properties such as size or velocity
are measured with gegligible error, the spray density

function f may only be estimated since f is defined
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by a limit over all possible samples as the range of the
variables considered becomes vanishingly small (Eq. (2.2)).

Formulation of the theory is exact because complete
information about the spray is assumed in the definition
of TF. Application of the theory Is approximate because
experimental information about a spray is always incom-
plete. The quantitative value of the theory lies ‘in the
possibility of predicting the manner in which a spray
progagates given a local value of £ which has been
estimated within an acceptable band of uncertainty by a
limited number of measurements.

As the amount of information contained in f 1S
increased by increasing the number of droplet variables
considered as arguments, the number of measurements re-
quired to estimate f increases for a given level of un-
certainty. Nine variables were considered. in Chapter II:
size, three components each of-position and velocity,
temperature and time. For experimental purposes, this
number had to be reduced to two or three if meaningful
estimations were to be made with available resources.

The emphasis was on the treatment of droplet velocity on

an equal statistical basis with drop size.



To begin, the scope of the measurements is discussed
in terms of the form of f measured, the overall fea-
tures of the spray system considered, and the sampling
scheme employed. Next, the double-exposure fluorescent
technique which was used 1is described. Finally, the
gpecific data acquisition: and preduttion methdsds employed
are given.

A. The Scope of the Measurements

The particular form of the density function measured
was restricted to the variables D, v, and X. Droplet
temperature was not measured, i.e., the observations "in-
tegrated” over T;. Injection parameters were held con-
stant so that a steady-state spray condition (stationary
random process) could be assumed. [In terms of the gen-

eral £, the measured density fp Is:

fB(D,z’E') =ff(D’K’.}E"TL’t)dTL (5.1)

where x' iIndicates that the functions are evaluated at
a particular position in the spray, x = x', Symmetry was
assumed about the spray axis, and only two components of
position and velocity were considered - in cylindrical

coordinates: r, Z, v,,, and v, . Al v, was normal to

4
the film plane and could not be measured.
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An unconfined spray was formed by a swirl atomizer
Injecting into room temperature air at atmospheric pres-
sure. Ethyl alcphol was the fluid used, and the only pa-
rameter varied during the course of the investigation was
Injection pressure. The objective was to measure local
values of fy over a cross section at different down-
stream distances, the first of which was located near the
surface of formation.

The method of estimating f., was to choose a small

B
sample volume located about a position x' iIn the spray,
and measure the sizes and velocities of all droplets iIn
the volume at several iInstants in time. Since the spray
process was assumed to be stationary, the particular sam-
pling times chosen were arbitrary-* The collection of
samples formed a portion of the ensemble from which the
density f5 was estimated.

TImplementation of this method required a sampling
technique which had high spatial resolution but did not
disturb the spray. The ease of data reduction was also
an important consideration since the uncertainty of the
estimation was reduced as the number of samples was In-
creased. However, a competing criterion was that the

droplet properties be measured as directly as possible so

* If the spray was actually unsteady due, for example,
to a resonant oscillation in the formation process; the
collection of samples taken at random intervals in time
would constitute a time average over the ensemble.



that measurement uncertainties were not further compounded
by an involved data reduction analysis to obtain D and
yv. As a compromise; doublé-exposure fluorescent photo-
graphy was used to measure sizes and velocities. This
technique had the advantages of leaving the spray undis-
turbed whille providing direct, local values of droplet
variables; but the thousands of film measurements re-
quired made the data reduction process very lengthy and
tedious.

B. The Double-Exposure Fluorescent Technique

The fluorescent technique of photographing droplets
in a spray was originally developed (Refs. 49 and 50) and
applied (Ref. 19) as a single exposure method for measur-
ing the sizes of the drops 1In a small spatial volume at
any instant. From a collection of such photographic
samples, local values of the spatial drop size distri-
bution ro were obtained (Fig. 5 i1s a sample of the cor-
related results). In the present study a precisely con-
trolled double-exposure capability was added to provide a
measure of drop velocity as well as size so that g
could be estimated.

The key feature of the technique iIs the addition of a
fluorescent dye* to the liquid being sprayed. Upon

_ The dye concentration_is small, typically 0.5% by
weight, so that the change in liquid properties iIs neg-
ligible (Ref. 50).
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excitation by an intense source, the dye absorbs in ope
wavelength band and emits in another making each drop a
radiator which exposes the film. The light source is not
directed into the camera. Rather, a shaped beam perpen-
dicular to the camera axis 1s used to selectively light
the region of the spray under study. Only drops within
the camers's depth of field* are lighted and caused to
fluoresce. The portion of the lighted region viewed by
the camera constitutes the sampling volume.

Fluorescent photography has a definite advantage
over: back-lighting methods when multiple exposures are
used. Each droplet image consists of an exposed spot on
an unexposed background, and each exposure is recorded
independently of the others. This is not the case in
back-lighting methods where -2ll film’areas are exposed-:
except those corresponding to the current position of the
drops. Thus, the second and any succeeding flashes light
previously unexposed areas and attempt to record images
in previously exposed areas. The result is a reduction
in image definition due to reduced contrast.

A pictorial view of the experimental arrangement
which was used is given in Fig. 12. The axes of the
spray, camera, and lighting system were mutually perpen-

dicular. Liquid containing the fluorescent dye was

~ *"Depth of field" as used here, is defined as the
distance along the camera axis over which the smallest
dlroplets considered (10u) are sharply focused at the film
plane.
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injected vertically from a swirl atomizer, passed through
the region where sampling occurred, and was collected and
remdved from the room by an exhaust system. Ildentical
lighting systems consisting of constricted spark gaps and
quartz condensing lenses having specially shaped aperture
stops were located on either side of the camera axis.
When erther gap was fired the condenser lenses focused
and shaped the beam to light the same volume in the spray.
The firing sequence of the two sources was controlled to
produce two flashes separated by a known time interval.
Each drop within the sampling volume viewed by the camera
successively Tluoresced and was recorded on the film. The
position of the camera and lighting system was fixed to
maintain alignment, and the nozzle was positioned so that
the spray could be sampled at various axial and radial
locations.

Table VIII summarizes the specifications and oper-
ating conditions for the various elements of the sampling
system. The performance requirements of the individual
components were strongly interrelated by considerations
of light economics - getting enough fluorescent radiation
to the film to record distinct, measurable iImages. De-
tails regarding the development of the lighting and cam-
era systems, the fluorescent dye characteristics, and
the alignment and focusing procedures are available else-
where (Refs. 19, 49). The'ldiscission of thethardware

which follows emphasizes the double-exposure capability
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TABLE VII11. - SAMPLING SYSTEM SPECIFICATION$ AND
OPERATING CONDITIONS

Light Sources: Cuided Ailr Sparks
Maximum energy - 80 joules; 0.1 uf charged to 40 KV
Flash duration (halfpeak) - 1.5 - 2.0 us
Delay between flashes - continuously variable; nominal
values used 9.5 - 74 ps

Sampling Volume: Thin Slab Parallel to the Spray Axis
Size - 0.180 x 0.160 x 0.008 inches
Formed by - two 8-inch, £/1.2 plano-parabolic, fused—
quartz condensing lenses

Fluorescent Dye: Uranin (Fluorescein)

Concentration - 5 grams/liter in 95% Ethyl Alcohol

Spectrai characteristics - absotEtion peaks at 2500 and
4900 A; emission peak at 5300 A,

Camera: Two Lens Relay System

Object}ve lens - £/3.5, 6 in. Wollensak Raptar operated
at £/5.6

Reimaging lens - £/2.0, 58mm Zeiss Biotar
Overall magnification - 25 i i i
Size_resolution - 10p * 10% (static calibration, ref. 49)
Working distance - 6 inches
Depth of field for 10u objects - ~220u

Film: Kodak Royal - X Pan, 4x5 sheets, ASA 1200 _  _
Development - 12 minutes in DK-50a continuous agitation
followed by Monckhoven's intensifier
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since this was the major extension of the fluorescent
technique which was accomplished in this investigation.
The dimensions of the sampling volume which was in-
tensely lighted were fixed at 0.160 x 0.160 in. (the
camera's field of vieW) X’ 0008 im.thick. (slightly
less than the camera's depth of field). A thin, verti-
cal "sheet" of light having these dimensiéns had to be
formed; and the appropriate source geometry was a line.
Since available flash tubes, having suitable dimensions,
were unable to withstand repeated discharges at energy
loadings of at least 10 joules, the less efficient, but
more rugged guided air spark was used (Ref. 19).
The construction details of this source are shown in
Fig. 13. The discharge occurred in a 0.032 x 0.125
x 0.750 in. slot milled in a teflon block. |In addition
to guiding the discharge to assure a repeatable path,
the slot constricted the spark channel to incregse the
current flux and thus the intensity. As the teflon grad-
ually eroded, the intensity decreased and the block had
to be replaced after 200 to 300 flashes. Micalex slits
in front of the teflon block provided a dimensionally
stable line source 0.032 in. wide and 0.650 in. long
which was uneffected by the enlargement of the slot.
The slits were relieved from the surface of the teflon and
were supported by a cover plate so that they would with-

stand the shock wave produced by the discharge.
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The formation of a constant width light sheet having
sharply defined intensity cutoff at the edges can only be
approximately accomplished in practice when an incoherent
source and conventional lenses are used. Sheet definition
can be improved only at the cost of intensity reduction.
Two plano-parabolic, fused-quartz* condensing lenses were
used to form an image of the source in the spray with a 4X
reduction in size. The plane surfaces were adjacent to
increase axial spherical aberration, and a specially
shaped aperture stop (Ref. 19) was inserted between the
lenses to block portions which would otherwise focus ex-
traneous radiation at the edge of the sheet. In this
way, a sheet was produced which had an approximately con-
stant thickness of 0.008 In. over the required distance
of 0.160 hL**

Two time intervals were considered in the temporal
control of the lighting sequence. They are the duration
of a single flash, t;, and the interval between successive

flashes, t Ideal criteria for:choosing:time intervals

I
are summarized in Fig. 14. Droplet displacements, Ax,

*x

Ultraviolet transmission was required since the dye
absorbed i1n that spectral region.

**

_ See Appendix D for a discussion of the possibility
of using a laser light source to overcome the difficulties
associated with the light sheet formation.
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AXS;/D < 0.1 drop moves Smallest drops with
less then O.1 of its highest velocities
diameter during exposure .

Flash interval
1

N

Lxp/D > 1 successive Largest drops with
images of the same lowest velocities
drop do not overlap '

Fig. 14. = lIdeal Timing Criteria for Double Exposure Photography.
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are referenced to drop size. Exposure time should be
short enough to make motion blur negligible and flash in-
terval long enough to separate the two images. Figure 15
gives numerical values of relative displacement rates as
a function of size and velocity. For the range of sizes
and liquid sheet velocities considered in the experiments,
the ideal criteria indicate that a flash duration of less
than 0.1 ps and a minimum interval of approximately 10us
are desirable.

Flash tubes and spark gaps with energy Inputs of
10 to 100 joules per pulse have minimum durations of the
order of 1lus. Rather than being rectangular in shape, the
intensity pulses have a rapid rise followed by a much
slower exponential decay as shown in Fig. 16(a). The re-
sulting appearance of the images of drops which move an
appreciable fraction of their diameter during exposure is
shown in Fig. 16(b). In this situation droplet shape is
not observable. A spherical shape must be assumed and
the width of the streak taken as a measure of the size.
Since the intensity rise is rapid, one edge of each image
Is sharp; and displacement can be measured. The problem
of motion blur in this case is that the available fluo-
rescent intensity is distributed over the area of the
streak with an attendant decrease in image density. Fea-
sibility tests in which a laser was used to light the

drops are described in Appendix D. The results indicated
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that the use of such a source would greatly extend the
range of drop velocities that could be successfully photo-
graphed.

Since the alignment and focusing af the camera to
superimpose the depth of field on the lighted volume was
a delicate and critical operation, 1t would have been de-
sirable to use one source to produce both flashes. A de-
velopment effort to accomplish this was unsuccessful due
to the magnitude of the pulse energies involved and the
requirement of a 10us interval (see Appendix E). Thus,
two identical lighting systems were used to independently
produce the two pulses.

A block diagram of the apparatus for controlling and
monitoring the interval between flashes is shown in
Fig. 17. The firing sequence was initiated by manually
activating trigger generator 1 to fire source I whose
output was monitored by a vacuum phototube. The output
from the phototube triggered the sweep of the oscilloscope
which had an internal delay circuit. At the end of a pre-
set delay period measured from the initiation of the sweep
an output pulse was generated. The delayed pulse was am-
plified and applied to trigger generator II to fire
source IT whose output was also monitored by the photo-
tube. The delay period was continuously adjustable, and
the flash interval was measured from the intensity-time
trace (see Fig. 16(a)). At a given delay setting the

flash interval was constant to within +0.2 us.
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Figure 17. = Block diagram of the light source control and monitoring apparatus

86



The specific events which occurred during the firing
of either source may be followed by referring to the cir-
cuit diagram in Fig. 18. By either applying a +20 volt
input pulse or manually closing the switch S,, the thy-
ration was fired to discharge the capacitor Cz through
the primary of the pulse transformer. A positive 15 kV
was generated at the secondary and applied to the trigger
electrode of the spark gap switch. The low inductance,
coaxial capacitor C; was charged to -40 kV. When 35
fired, the source gap Gy was overvolted and broke down
dumping the energy stored in ¢C;. |In order to minimize
the discharge duration, the circuit inductance was kept
small by using short lead lengths and the coaxial capaci-
tor design,

A cross sectional view of the spark gap switch which
was mounted directly on the capacitor structure is shown
in Fig. 19. The hollow electrode containing the coaxial
trigger was held at ground potential while the solid elec-
trode was at -40 kxV when the capacitor was charged. Thus,
the +15 kV trigger pulse was very effective in producing
a rapid breakdown. The gap was pressurized with dry ni-
trogen to provide a controlled inert atomosphere having
repeatable discharge characteristics. Changing pressure
also provided a simple means of continuously changing
breakdown voltage without having to change the gap
spacing. When one source was fired, the large magnetic

fields produced induced transients in the circuitry of
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Hollow brass electrode
Insulated trigger wire
Plexiglas tube

Top of coaxial capacitor

Brass electrode

Plexiglas flange - :
Fitting for N, pressurization
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/
/
)
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Fig. 19. = Pressurized Spark Gap Switch.
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the other source which tended to cause a premature dis-
charge. Such erratic behavior was prevented by maintain-
ing a higher pressure on the switch gap of the source to
be fired second.

Upon excitation by the spark source the fluorescent
dye absorbed in the ultraviolet and blue, and emitted In
the green* in less than 10°8 sec. A two lens camera
system was used to record the images at a magnification
of 25X. The characteristics of the objective lens deter-
mined the working distance and light gathering capacity
of the system while performing a small magnification.

The major portion of the magnification was provided by
the reimaging lens which collected all the light gathered
by the objective. Although the fastest negative film
available was used, the intensification process was re-
quired to increase image contrast for the sake of easier
readout.

C. Data Acquisition: Conditions and Procedure

The ethyl alcohol containing fluorescein was pres-
surized with dry nitrogen and injected at room tempera-
ture. Flow rate was measured by weighing the supply tank,
and pressure was measured immediately upstream of the
nozzle. The swirl atomizer which was nominally rated at
0.75 gallon/hour at 100 psig for fuel oil had a minimum

orifice diameter of 0.009 in. Since the orifice does not

*See Fig. D2 of. Appendix D for the spectral charac-
teristics. Yoo .o L
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run full but has an air core, double-exposure photographs
were taken to determine the mean velocity of the liquid
cone'as it emerged. Figure 20..shows a serfes of such pho-
tographs, and the measured sheet velocities and flow trates
are shown in Fig. 21. The spray cone angle at the orifice
was determined by the divergent section in the nozzle ori-
fice, and remained essentially constant at 68° over the
range of pressures from 25 to 100 psig.

In order to determine the effect of the exhaust fan
on the spray motion, average air velocities due to the
fan alone were measured with a hot wire anemometer. The
data are plotted in Fig. 22, which: showsithat.the Pan ve-
locity was nearly constant and less than 24 in./sec over
the range of axial distances where spray measurements were
made. This variation of air velocity with distance was
used in the illustrative single drop calculations pre-
sented in Chapter 1.

Figure 23 illustrates the.gampling positions which
were used. Each numbered sampling station corresponds to
the field viewed by the camera and was recorded on 4 by 5
sheet film. After: the zero position was estabilished by
Viewing the nozzle through the camera,. the nozzle. was moved
to other positions by a trawversing mechanism consisting of
three perpendicular micrometer screws equipped with dial
indicators. Table I X summarizes the conditions which were

photographed and analyzed.



Ap = 25 psi

Ap = 40 psi

Fig. 20. - Double exposure photographs of the spray
cone for a range of injection pressures. £ =
10 ps (25X). I
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Ap = 55 psi

Ap = 100 psi

Fig. 20. - Concluded.
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Fig. 23. = Sampling Geometry.
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TABLE IX. = SAMPLING CONDITIONS

Ap, Radial 'Z, 1, Total
psi. - | station in. us exposures,
' €
25 1 0.625 1] 13.9 14
2 18.7 60
1 1.2501 17.8 36
2 23.0 48
3 30.6 55
4 73.9 40
1 2.125 | 17.6 48
2 17.6 60
3 30.6 72
4 50.8 72
5 73.9 40
40 1 0.375 | 10.4 12
2 10.2 36
1 2.125 | 10.4 36
2 ‘ 10.2 36
3 13.7 48
4 24.6 60
5 44.7 72
6 59.5 20
55 1 0.375 9.5 13
2 9.6 20




Data were taken in the following manner. The room
was darkened and film exposure was determined by the flash
sequence once the film holder was opened. Bolaroid 3000
film was used to provide immediate drop photographs which
guided the choice of sampling parameters for a particular
data set. The axial coordinate nearest the nozzle was
selected to roughly approximate the surface of formation,
i.e., breakup was nearly complete. Since the light sheet
was so thin, any vy component of velocity perpendicular
to it tended to carry a droplet into or out of the sam-
pling volume between flashes. Therefore, t; was kept
at a minimum consistant with the requirement of image
separation for most of the drops. The film processing in-
cluding the intensification was a very lengthy operation
so It was desirable to record as many sets of double—ex-
posure samples on the same film as possible without super-
position of images. Roughly equal numbers of drops were
photographed at each location by holding the number of
films constant and adjusting the number of samples per
film. This practice could not be followed at the outer
stations since drop density was so low that the number of
samples required to accumulate the same total number was
prohibitive.

The intensity-time trace for each pair of flashes
was monitored visually on the oscilloscope. At least
three traces were photographed at each setting and pro-

vided the exact values of tg |listed in Table IX. In
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the rare instance of a source misfire, the film was dis-
carded and new exposures were made.

Sample photographs are given in Fig. 24, for a range
of conditions. The number of samples and interval be-
tween exposures vary from picture to picture as noted.

It can be seen that the relative concentration of dif-
ferent sizes varies widely with position; and that magni-
tude and direction of drop velocity differ not only from
one size to another, but for similar sizes at the same
location.

D. Data Reduction

The raw records consisted of over 200 films each of
which had up to 200 pairs of drop images. For the sake
of consistency and speed an automated method of data re-
duction such as the flying spot scanners that were used In
previous studies of drop size (Ref. 18 and 19) was desir-
able. However, in the present study the additional re-
quirements associated with velocity measurement demanded
a much more sophisticated analyzer. Pairs of images had
to be i1dentified and the distance between Image edges
along the path of motion had to be measured. Scanners
which digitize film according to discrete density levels
are available. An appropriate computer program must then
be written to search the digital "picture’ stored in the
computer memory, associate paris, and determine sizes and
displacements. Since the scanner was prohibitively ex-

pensive, and the generation of a suitable program was,
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itself, a major undertaking; the only recourse was to di-
rect, manual measurement.

Microcard readers were used to project the films at
additional magnifications of 16.3 to 18.1 times, and mea-
surements were made directly on the screen with trans-
parent scales and protractors. A transparent grid of
numbered 1/2 inch squares was placed over the negative
before insertion in the reader. One grid square at a
time apperaed on the reader screen and usually contained
less than 5 or 6 pairs. Figure 25 shows a schematic view
of the reader screen with the measured quantities labeled

on one droplet pair. Thus, position references were

available on each film, and duplicate counts were avoided.

Rather than immediately categorizing sizes or dis-
placements by using specially graduated scales, little
additional time was required to record the two measure-
ments to the nearest millimeter on the screen. Thfs gave
complete freedom to choose category boundaries later in
the analysis. In addition to the two linear measurements,
the number of the grid square, the angle o of the tra-
jectory with the vertical to the nearest 2 degrees, and
an image quality indication of 1 or O were recorded for

each pair. The quality factor gave the measurer a means

of differentiating between sharp pairs and those for which

measurement was uncertain due to such things as low con-
trast or poor quality of one member of the pair. A total

of more than 32,000 pairs of drop-images were measured.
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The data were then transferred to punched cards in a
format which contained the film identication, grid loca-
tion, size, displacement, angle, and quality factor for
each drop. These cards were the input data to a program
which applied scale factors and sorted the grid areas
according to larger film regions. An output card was
punched for each drop which had film number, grid area, D,
|¥}» vz, vp, o, filmregion, and quality. This informa-
tion was the basic raw data for the estimation of fn by
categorization; and spray profile analysis in terms of

various mean quantities obtained by weighted summations.
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Chapter IV
ANALYSIS OF THE SIZE-VELOCITY DATA

The size-velocity data which are presented consist
of two kinds of spray information. First, the measure-
ments at the shortest downstream distances, which lie
near the surface of formation, were made over a small
range of injection pressures”toprovide some insight into
the nature of the initial spray density function, €
This information is a particular answer to the spray de-
scription problem. Second, the data at downstream con-
ditions indicate the propagative behavior which a spray
transport theory must be able to reproduce.

Underlying objectives of the data presentation are
to show the comprehensive and fundamental qualities of
the density function ¢, and the vital role of drop ve-
locity as a random variable. In addition, the local
spatial variations which the data exhibit are emphasized
to show why care must be exercised when constructing av-
erage quantities to represent an entire spray.

The two ways in which the data are handled parallel
the two approaches to the spray propagation problem dis-
cussed In Chapter II - characterization in terms of the
density function f and reduction to local mean quan-
tities related to mass, momentum and energy. While, iIn
principle, the density function has the advantages of

being compact and complete; i1t is a difficult practical



matter to find a reasonably simple equation to fit the
data. Since the spray formation problem remains un-
solved, no theoretical guide to the functional form is
available; and the behavior of the physical processes
which generate T remains obscure. On the other hand,
the physical picture in terms of mean quantities IS some-
what cleaver due to the similarities with traditional gas
dynamics. The problem here i1s that many separate quan-
tities must be specified to provide a complete charac-
terization.

The discussion begins with an outline of the types
of operations performed on the data. Next, the overall
character of the data is presented with samples of the
measurements in their most elementary form. Represen-
tations of the general density function fg and func-
tions derived from it are:followsd by the complementary
picture in terms of mean values. Finally, source terms
which appear in the equations of change are given based
on the available single drop expressions for the trans-
port rates.

A. Operations Performed on the Data

1. Construction of Density Functions: The density func-

tion fy 1Is estimated by categorizing the size-velocity
data and applying an approximate form of Eq. (2.2)to give

values of the function at the category means:

1Q7
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5Dy, ¥y Vpper x') = vgé BDy OV, Digy (4.1)
where:
n; jk = the number of drops in the 1th sjze, 3P0 axial
velocity, and k® radial velocity categories at
a position x!
Vg = the size of the sampling volume

E

number of samples at a given condition
~ = Indicates the mean value In a category

The category boundaries used iIncrease by a constant mul-
tiple so that the fractional change in D or v 1is a
constant. For any drop variable:

r. = I}mi-l (4.2)
and the geometric mean was used:

~ ‘ 1/2
Iy = (Iiri+1)

(4.3)
Table X lists the values chosen for m, and the resulting
boundaries and means.

Once values for fy are available any conditional
such as f(DIvZ), marginal such as’ f5 or weighted den-
sity function such as £y can be calculated by performing
summations over the categories to approximate the inte-
grals over continuous functions defined in Chapter 11.

A one-dimensional density function f, may be defined
by integrating .fp ovér accwess section. In cylindrical
coordinates with equal.radial inc¢rements: the. intégral is

approximated by a sum over’the ' ¢ radial stations:
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_ T(Ar)2 (21 - 1) .
fp =5 RD, &v, [ AV, g c N4 jk1 (4.4)

S J
, :

2. Calculation of Mean Quantities

The mean densities and fluxes of mass, momentum and
energy given as weighted integrals over T 1in Table Vv
may be calculated by summation over the size-velocity
categories. They may also be calculated by direct sum-
mation over the raw data treating each drop separately.
Categorization greatly reduces the number of calculations
involved since all drops 1In a category are considered to
have the corresponding mean size and velocity. Both
methods were used and the resulting means agreed within
a maximum deviation of 10%. The categorized computation
usually produced slightly higher values indicating a
smoothing influence and heavier weighting by the large
categories.

In addition to the physical means from Table V,
the related mean diameters from Egs. (2.9) and (2.10);
and statistical moments were calculated. Three particu-
lar statistical quantities which indicate the form of the

density fuhction are’ the coefficient of variation:

5 oo o 2'1/2
Ap = (1)% _ K> <11§I‘> ) (4.5)
skewness:
. = > - 3<I‘>§‘1*2> + X3 (4.6)

O
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correlation:

(4.7)

These dimensionless quantities which are independent of
the absolute magnitudes of the density functions indi-
cate the degree of dispersion about the mean, the qegree
of asymmetry with respect to the mean, and interdepen-
dence of pairs of random variables.” Such moments about
the mean are closely related to the peculiar guantities

such as U and 1w, appearing in the substantial forms

S
of the spray equations (Egs. (2.11a) to (2.13a)).

The mean quantities were numerically integrated
over the cross section to obtain average values at a
given downstream distance. These values correspond to a
one-dimensional description of the spray.

3. Spatial Variations and Sample Size

All manipulations are carried out in cylindrical
coordinates with the origin at the nozzle orifice. No
¢ information is available so the treatment is two-
dimensional in r and 2z. For agiven z, the data are
analyzed at equal radial increments of 0.080 inch begin.-
ning at 0.040. These divisions result from dividing each
sampling station in half vertically and choosing r at
the midpoint of each half (see Fig. 23).

£

The ensemble averages in each case may be weighted
as defined 1n Eq. (2.7).
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Many of the plots presented in this chapter use the
ratio of radial to axial coordinates as the abscissa.
This is the tangent of the angle ¢, and is approximately
equal to o for the small angles used. Plots of the
data versus.isolid: angle.or radius alone usually do. nbt
superimpose the data to a greater degree. Although the
spray approximates a point source in the beginning, the
collapsing of the liquid cone and interaction with the
gas warp the flow propagation characteristics toward a
cylindrical geometry.

The radial component of the mass average velocity is
often less than 20% of the axial component* indicating
that the radial contributions to 2z momentum and energy
flux terms such as pS<vZVl,,>M and pS<VZV§‘>M are
small compared to ps<v§>M and pg{vi>,. The spray den-
sity pg is always a strong function of r and 1z, and
thus, sharply defined axial flux profiles exist.

The spatial resolution attainable is intimately
linked with sample size. For a given total number of
drops measured at a particular condition, continual re-
duction in the size of the sample volume considered about
a coordinate leads to increasing fluctuations in spray

properties from point to point. This situation is

*Exceptions to this occur at combinations of small
z, large r, and high Ap where the radial component
exceeds 50%of the axial component.
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analogous.to the breakdown. of the continuum’treatment of
gas dynamics as’the density is loweredoor.the spatial
region considered becomes very small. However, in the
case of sprays, the number density is always small com-
pared to usual molecular number densities, and the spray
density functions must be viewed as representing the en-
semble behavior as distinct from local temporal behavior.
The same situation exists with respect to the number of
size-velocity categories chosen for classification. A
given sample size contains a fixed amount of information,
and attempts to extract more and more detail eventually
lead to a breakdown in the estimation process.*

For the spatial grid chosen, the sample sizes range
from approximately 1800 to 100. Means based on summation
over the sample gave reasonably smooth results, and den-
sity functions presented at a given location using the
categories of Table X are limited to bivariate marginals
such as f(D,v,) and f£(D,v,). Thus, the detail achieved

represents a useful compromise within the practical re-
straints on sample size:*™

Two sets of calculations, one using all drops re-
gardless of quality factor and the other using only those

with a quality factor of 1, ‘show the following results.

" The number of samples must become large as AT be-
comes small as indicated by Eq. (2.2).

**

~ For a discussion of a binomial model for estimating
confidence limits for given sample sizes see Ref. 19.
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Quantities such as mean velocities and regression curves
which do not depend on the absolute magnitude of the spray
density, differ by only a few percent for the two cases.
The quantities dependent on Py show the same trends but
differ in magnitude by an amount proportional to the frac-
tion of 0 quality drops in the sample (usually 20-30%).

An obvious ambiguity exists as to the precise value of

the effective sampling volume. This s a shortcoming
common to all photographic sampling, and the double-
exposure fluorescent technique has not entirely overcome
it. Thus, absolute values are subject to some uncer-
tainty but trends and means appear to be reliable. Data
which include the entire sample are presented unless
otherwise noted.

4. Source Terms

The mean source quantities (Table Vb) are distin-
guished from the hluxes and densities (Table Va) by their
dependence on the transfer rates,®; «{ and &. Conse-
guently, they are not directly calculable from the. raw
data without the additional specification of the rate de-
pendence on D, M and T;- The single drop expressions
of Chapter 1 (Egs. (1.1)to (1.7)) are used to furnish
local profiles of vaporization rate, momentum transfer to
the gas, and the associated energy transfers for an as-
summed droplet temperature. Required values of air ve-
locity are inferred from small droplet behavior and at-

tendant uncertainties are discussed.
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B. Overall Character of the Data

1. Typical Behavior in the Size-Velocity Plane

The most elementary presentation of bivariate data
is a direct plot of the raw data in the size-velocity
plane. Such a scatter diagram is shown for v, and D
in Fig. 26. Each of the 1400 drops in the sample is rep-
resented by a point resulting in much over-plotting. The
density of the points in any area of the plane specified
by particular ranges of v, and D is proportional to
the frequency of finding drops having those properties at
this particular location in the spray. The point density
Is also an estimate of value of the density function
£(D,v,) for given ranges of the independent variables.

Sheet velocity and the mean values of size* and ve-
locity for this condition are listed. The curve is the
calculated mean velocity at a given size: <Vz| D> Note
that at this location in the densest portion of the newly
formed spray, the spread in velocities of similar sized
drops is large. Much of the drop population is still so
young that not enough time has elapsed for the gaseous
environment to greatly change their properties by vapor-
ization or deceleration. Only a moderate depression of

the regression curve is observed at the small sizes. The

state of the spray, which is far from equilibrium with the

*In t/he often used notation of Eq. (2.9), <D> = Dqig
1/3
and <> = Dzq-



116

+feadg pemrog ATMSN ® JO STXY oUjg Jed) UOTIBOOT B J0J 545 Jonq®og @ - 24 TeotdAy - -9z *Frd
suogoTw ‘g ‘aozeweTp doag
00T O%T 64 00T 08 02 ® e o]
9°86 = 0 UATA 0SH = N(Za) E
L°OTT = 0 uW3TA 68¢ = (%A) 3
gg9 = %%a i ot 00T
; 064 M Sa HH
i 887 = o/r{cd) sl
; 0z =To g°ge’' = @ R :
! m ' ¥
: (a]®a) ; piHeRE
= § L 002
*Ul 0%0°0 = X ‘UT G180 = Z 1sd oy = dy R i L -
tot g b
_ i 002
i e
L i :
N : 00%
x i :
: e H
0 Huf HEE FH 008
! A 2 i
by merls
ARavnSNLI T Seinen R 009
i1 ﬁ B £ -
o 3
3 e 4
! . JERbean. & 0oL
; GRHE: 008

oes/'u; ¢Zp fRqT00TOA TBIXY



gas, IS the integrated result of randomly directed drop-
let births distributed throughout the formation region.
Dissipation of kinetic energy occurs in the breakup proc-
ess as evidenced by fact that the velocities of the large
drops are less than sheet velocity.

The corresponding diagram for radial velocity at the

same condition is shown in Fig. 27. Drops that are gen-

erated inside the hollow liquid sheet crisscross the spray

axis with a range of velocities. The mass average veloc-
ity 1S ohly slightly pogitive as are the expected values
of radial velocity which ihcrease slowly with size.
Figures 28 and 29 portray the markedly different be-
havior observed toward the outer edges of the spray and
at downstream positions where the spray is less dense.
Under these conditions sufficient time has elapsed for
the gas and the drops to strongly interact. The smallest

drops which are the most plentiful have nearly come to

velocity equilibrium with the gas, while the largest drops

which contain a large portion of the spray mass, propagate

with small modification. #t this radial location, the
radial velocities of drops larger than 40u are predomi-
nantly positive with only a few medium-sized offshoots
and the very small drops showing inward motion.

The two cases just illustrated by the two pairs of
scatter diagrams lie near the opposite ends of the ob-
served spectrum of spray behaivor. A continuous vari-

ation exists as a function of position, but the limiting
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cases of nearly uniform sizes traveling at either the in-
jection velocity or air velocity are never closely ap-
proached.

In general, the allowable ranges of drop variables
are, limited iIn the size-velocity plane as shown schemati-
cally in Fig. 30. Two cases are distinguished. The
Tirst, where injection velocity iIs greater than gas ve-
locity, is the condition existing In this investigation
whille the second is for injection into a higher velocity
gas stream. The stability boundaries indicated are of
the type obtained for the threshold of aerodynamic break-
up (Refs. 20, 21, 22, 35), and are of the form:

Wweb?Re? = o (4.8a)%
or for given liquid and gas properties:

D’X - Eln = Constant (4.8Db)
The i1ntersection of the line of constant injection veloc-
Ity with the stability boundary does not necessarily de-
termine the maximum allowable size since larger drops
formed with lower initial velocities are stable. On the
other hand, factors such as turbulence conditionsg iIn the
liquid or the geometry of sheet breakup may determine the

scale of the drop formation such that aerodynamic

A common expression (Ref. 22) uses b =0,a=1
and a_ ¢q_ of 13 to 22 depending on whether the relative
velocity” is suddenly or gradually applied. Maximum Weber
numbers observed in the present investigation were less
than 5 Indicating that at the locations sampled further
aerodynamic breakup was unlikely.
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stability Is a secondary consideration. As the spray
propagates, drag shrinks the velocity range toward u,
unless large gradients in gas pr$perties exist with at-
tendant shifts in stability boundaries.

2. Inferred Values of Gas Velocity

The values of u inside the spray are dependent on

the momentum transferred from the liquid to the gas by
drag and also vaporization. As mentioned in Chapter III
the mean exhaust fan velocity is very low in the sampling
region and represents an approximate lower limit. Under
spraying conditions, air is entrained in the flow of
drops so that radial and axialprofiles exist (Refs.
68, 69). Assuming that the smallest drops are tracers
of the gas motion as indicated by single drop calcula-
tions, the drop velocity data should be equivalent to
gas velocity information as size approaches zero.

Inspection of Figs. 26 to 29 immediately reveals a
problem. There is a spread in the values of drop veloc-
ity even at the smallest sizes, and so air velocities
estimated from the minimumcenvelope«ofithe data are not
the same as those estimated from the mean value. 1In the
case of Figs. 28 and 29, the difference is not great, but
the two values of wu, differ in sign. Since air flows
into the spray from the surroundings, a negative
seems most reasonable.

For the dense spray conditions (Figs. 26, 27) the

difference between the two estimates is larger and the
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